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Abstract--A numerical simulation of the vibration of a ground state H2 molecule is made from a 
quasi-quantum echan!cal point of view, that is, energy has been determined by quantum echanics 
and trajectories determined by Newtonian mechanics. The numerical method used is implicit and 
conserves the energy exactly at each time step. A variety of CRAY X-MP/SE14 calculations are 
described and discussed. Comparisons are made with correct oscillation and diameter values. 
1. INTRODUCTION 
The need to analyze particle trajectories on the micro level has led in recent years to various 
quasi-quantum echanical methods, which combine aspects of both quantum mechanics and 
Newtonian dynamics (see, e.g., [1,2]). Our objective here is to explore the kinds of errors that 
can be experienced when using such methods. This will be done by a computer simulation of 
the vibration of the ground state H2 molecule. For this molecule, both experiment and quan- 
tum theory are in complete agreement that the frequency is (1.3)1014H and the bond length is 
0.74 A [3]. It is with these average values that we will compare our numerical results and thereby 
derive error estimates. 
It should be observed, most importantly, that the ground state energy of H~ is -(5.1104) 
x 10-11erg and that the numerical method to be applied [4] conserves this energy, in addition to 
other system invariants, at every time step. 
2. MATHEMATICAL  AND PHYS ICAL  PREL IMINARIES  
In a ground state H2 molecule, denote the electrons by P1, Ps and the protons by P2, P4. For 
utter simplicity, assume P1, P~, Ps, P4, are point sources and that the only forces of interaction 
are coulombic. 
In cgs units, for i = 1, 2, 3, 4, and at any time t, let Pi be located at 7 i  = (zi, Yi, zi), have 
velocity "~i = (~i, Yi, zi), and have acceleration "~i = (zi, ~)i, zi). Then the classical equations 
of motion for the Pi are 
4 eiej -~ji 
j=l 
j#l 
i=  1, 2, 3, 4, (2.1) 
in which 7 . .  3, is the vector from Pj to Pi, rij : II-~j[I, and 
el -- e3 = -e  2 = -e  4 -- _(4.8028)10-10esu 
rnl = m3 = (9.1085)10-2Sgr 
m2 = rn4 = (16724)10-2Sgr. 
*Computations were performed at the University of Texas Center for High Performance Computation. 
(2.2) 
(2.3) 
(2.4) 
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For computational convenience, we now set Ri = (Xi, ~,  Zi) and make the transformations 
--* 1012 (2.5) Ri = "¢i 
T = 10~2t. (2.6) 
Then the system (2.1) of 12 equations in the 12 unknowns z~, Yi, zi, i = 1, 2, 3, 4 transforms 
readily into the following equivalent system: 
d2X1 - (2.5324576) ( X1 - X2 X1 - X3 X1 - X4~ (2.7) 
d2Yl~ = (2.5324576) ( R'~2 + "R~a ~4 ) (2.8) 
d2Z1 = (2.5324576) ( Z1 - Z2 Z1 - Z3 Z1 - Z4~ (2.9) 
d2X~ _ (1.379269)10_ 8 ( X2 - Xl X2 - X3 X2 - X4~ (2.10) 
d2y2 = (1.379269)10_3 ( Y2-Y1 Y2-Y3 Y2-Y4~ 
dT 2 ' "R~I-" ~ "R~a + ~ )  (2.11) 
d2Z2 _. (1.379269)10_ 3 ( Z2 - Z, Z2 - Za 4- Z2.--.Z4~ (2.12) 
d2X3 (Xs~X,  Xa-X2  Xa-X4~ (2.13) 
~-~ = 2.5324576 k. R-~3 R~s ~ )  
d2Ya [ Y3 - YI 
dT 2 = 2.5324576 \ )~-~ 
Ys-  Y2 Ys - Y4"~ (2.14) 
d2Zs = 2.5324576 (Z3 ~ ZI  Z3-  Z2 
dT 2 \ RTa R~-3 
z~ - z4 ~ (2.15) 
d224 _ (1.379269)10_ s ( X4 - Xl X4 - X2 X4 - Xa~ (2.16) 
d~ " :R,~-; + R~,, - ~. ,  / 
d2Y4 = (1.379269)10_a [ Y4 - Yt I'4-I'2 Y4 - Ys'~ 
~ t . -~  + R~,, R~---E) 
(2.17) 
d2Z4 _ (1.379269)10_ 3 [ Z4 - Z1 Z4 - Z2 Z4 - Za~ (2.18) 
dr, k - ~  + ~ ~.~ / 
It is system (2.7)-(2.8) which is solved numerically by implicit, conservative methodology 
[4,5] from given initial data. For convenience, we set ~ i  = ( -~,  -~,  -~)  and observe that 
~ = 101°~i. 
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Note finally that the total energy E of the system is given by 
I (16724)10_2s(vg_l.v~) 1 (9.1085)10_2s(v~%v])_l. ~ E=~ 
1 1 1 1 1 
+(23.06689)10 -20 -r-'~2+ 
r13 P14 r23 r24 
i) 
r34 
(2.19) 
or, equivalently, by 
1 (9.1085)10_8(V12 -I- Vg) ÷ 1(16724)10-S(V~ ÷ 1/42) E=5 
(1  1 1 1+1 1)  
+(23°66s9)1° -8 -~-~+ R1---~ R14 R2---~ R~---~ a~'  (2.20) 
3. EXAMPLES 
Consider the following set of initial data in the two parameters VX and VZ: 
~I = (0, 6000, 0), ~ = (3742, o, 0), ~ = -~i, ~, = -~ 
-~i = (0, o, vz), -~2 = (vx, o, o), -~ = -vJ1, -~ = --~2. 
(3.1) 
(3.2) 
First, set VX = 0.00025. Since the system energy is -(5.1104)10 -11 erg, substitution i to (2.20) 
yields VZ = 0.0143997. Thus, all initial data are known. The system (2.7)-(2.18) was then 
solved numerically with AT -- 2.0, 1.0, and 0.5. We report only on the 0.5 case, which was the 
most accurate. The numerical solution was generated for l0 s time steps on a CRAY X-MP/SE14. 
The total computing time was 6300 seconds. At each time step, the resulting nonlinear algebraic 
system was solved by Newtonian iteration with tolerances 10 -s for position and 10 -11 for velocity. 
The computer program is available in the Appendix. The average molecular diameter which 
O 
resulted was 0.76 A and the frequency of oscillation was (2.1)1014H. Recall that the average 
0 
diameter is 0.74 A and frequency is (1.3)1014H. 
Though changes in VX and VZ did not alter the frequency by more than (0.1)1014H, they did 
alter the molecular diameter more extensively. Thus, the choice VX = 0.0003, VZ = 0.0125244, 
which increased the initial speed of the protons yielded a frequency of (2.1)1014H and a molecular 
0 
diameter of 0.82 A. On the other hand, the choice VX = 0.00015, VZ - 0.0167569 yielded a 
0 
frequency of (2.2)1014H and a molecular diameter of 0.66 A. By coincidence only, the average of 
o 
the above two diameters i 0.74 A. 
A variety of other examples were run in which P1, P2, P3, P4 were repositioned. In all three- 
dimensional calculations which incorporated the symmetry intrinsic in (3.1) and (3.2), the results 
were entirely similar to those described above. Nonsymmetric examples required time steps AT 
smaller than 0.01 and invariably resulted in one electron in motion near the two protons and one 
electron relatively distant from the protons. Finally, note that for the choice of initial data 
1 = (0, 3742, 0), ~2 = (3742, 0,0), R3 = -~1,  ~ = -~ --R2 
~1 -- (--0.0275604, 0, 0), 72  = 0, 17S = --~71, -~74 -- V2, 
(3.3) 
(3.4) 
the molecule disintegrates into two slowly separating H atoms. Indeed, substitution of (3.3) and 
(3.4) into (2.20) yields a system energy of -(4.35912)10 -11 erg, which is greater than that of H2 
and, indeed, is twice the energy of ground state H. 
4. REMARKS 
It is interesting to speculate on modifications of the simplistic model of Section 2 which might 
yield improved numerical results for the oscillation frequency. One might introduce Heisenberg 
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and Pauli principles [1]. One might consider spin effects by modelling the electron as, say, a 
string [6,7], not as a point source, and one might then even introduce Maxwell's equations. From 
a purely speculative point of view, we then ran the following example. 
Consider the initial data 
- - -+ .---p ---.4- 
R1 = (0, 6000, 0), ~2 = (3742, 0, 0), ~s  = -Rt ,  R4 = -R2 .  
Assume now that spin and other effects are significant for both electrons and protons to the 
point that the force between two like particles has magnitude 0.9eiej/r~j, while the force be- 
tween two unlike particles has magnitude 1.1eiej/r~j. Then, in consistency with the appropriate 
modifications of the formulas, we chose the initial velocities to be 
Vt  = (0, 0, 0.0188431), ~2 = (0.0003, 0, 0), ~s  = -Vt ,  V4 = -V2 .  
The resulting frequency was (1.87)1014H. 
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APPENDIX  
10 
30 
IT IS IMPORTANT TO NOTE THAT THE IMPLICIT METHOD TO BE USED CONSERVES ENERGY, 
LINEAR MOMENTUM, AND ANGULAR MOMENTUM. The compi ler  c f t  i s  to  be used ra ther  
than  c f t77 ,  s ince  i t  i s  3 t imes fas ter .  I t  i s  ~por tant  to  note  that  in i t ia l  
data  r and v in cgs un i t s  and energy in  ergs  a re  to  be  t rans formed through 
R : r (10.*12) ,  Tft (10..22),  Vfv(IO**-IO), Afa(lO**-32). 
dimension XO(4) ,YO(4) ,VXO(4) ,VYO(4), 
lx(4,3),Y(4,3),vz(4,3),vY(4,3), 
lpmass(4),echars (4),xx(4),yy(4),vxx(4),vyy(4) 
1,zo(4), vzo (4) ,z(4,3) ,vz(4,3) ,zz(4), vzz(4) 
open (unit=21) 
open (unit=31) 
open (unit=41) 
KPRINT=80000 
K=I 
P1 and P3 are  electrons, P2 and P4 protons. 
READ IN THE INITIAL DATA. 
READ (21, I0) (XO(I) ,yo(I) ,zo(i),VXO(I) ,VYO(I) ,vzo(i), 
li=I ,4) 
FORXAT(3f16.8, 3f16.11) 
WE NOW SOLVE FOR THE NEW POSITIONS AND VELOCITIES WITH FORXUIAS WHICH 
REQUIRE ITERATION. WE WILL USE THE IDEAS OF THE GEImRALIZED J~/TON~S METHOD 
WITHOUT THE UPDATING OF EACH ITE~£TE. THIS SHOULD ALLOW FOR THE VECTORIZATIO] 
OF THIS SECTION OF THE PROGRAM. 
SET THE INPUT DATA. 
DO 30 I=1,4 
X(I, I)=XO(I) 
Y(I, I)=YO(I) 
z(I, l)=zO(I) 
VX(I, 1)=VXO(I) 
VY(I, 1)=VYO(I) 
Vz(I, I)=VzO(I) 
CONTINUE 
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GO TO 100 
66 DO 70 I=1,4 
X(I ,1)=X(I .2) 
Y(I ,1)=Y(I ,2) 
zCz,1)=zCz,2) 
VX(I,I)=VX(I,2) 
VY(I,I)=VY(I,2) 
VzCI,1)=VzCI,2) 
70 CONTINUE 
FIX THE FIRST GUESS X(I~2) OF THE ITERATION 
100 DO 102 I=I,4 
X(I,2)=X(I,I) 
Y(I,2)=Y(I,I) 
z(I.2)=z(I, 1) 
VX(I,2)=VX(I, I) 
VYCI, 2)=VYCI, 1) 
Vz(I, 2) =Vz(I, i) 
102 CONTINUE 
R12=(X(I,I)-X(2,1))~e2+(Y(I,I)-Y(2,1))e~2 
l+(z(1,1)-z(2,1))**2 
R12=SORT(R12) 
RlS=CXCl,1)-X(3,1))**2+CY(1,1)-Y(3,1))**2 
l+(z(1,1)-z(S,1))**2 
R13=SqRT(RlS) 
r14=r12 
r23=r12 
R24=CX(2.1)-X(4,1))**2+CYC2,1)-Y(4,1))**2 
l+(z(2,1)-z(4,1))**2 
R24=SORT(R24) 
r34=r12 
KK=I 
GO TO 110 
105 DO 108 JJ=l,4 
X(JJ,2)=X(JJ,3) 
Y(JJ,2)=Y(JJ,3) 
z(JJ,2)=z(JJ,3) 
vxCJJ,2)=vx(JJ,S) 
wCJ~,=)=wOJ,S) 
VzCJJ,2)=VzCJJ,3) 
108 CONTINUE 
110 r12NEW=(XC1,2)-X(2,R))e*R+CY(1,2)-Y(2,2))*e2 
1+(z(1,2)-z(2.2))$#2 
RI2NEW=SORT(R12NEW) 
RI3NEW:(X(I,2)-X(3,2))~*2+(Y(1,R)-Y(3,2))*e2 
1+(z(1,2)-z(3,2))ee2 
R13NEW=SQRT(RI3NEW) 
r14new=r12new 
r23new=r12new 
R24NEW=(X(2,2)-X(4,2))$$2+(Y(2,2)-Y(4,2))$e2 
l+(z(2,2)-z(4,2))ee2 
R24NEW=SORT(R24NEW) 
r34new=r12neg 
do 109 i=1,4 
118 X(I,3)=X(I,I)+O.S~O.6~(VI(I,2)+VX(I,1)) 
Y(I,3)=Y(I,I) + O.5*O.5*(VY(I,2)+VY(I,I)) 
z(I.3)=z(I,1)+O.6*O.Se(Vz(I,2)+Vz(I,l)) 
109 continue 
vx(1,3)=O.O 
vyC1,3)=vy(1,1)-2.6324578*O.5*( 
11.0*(y(1,2)+y(1,1)-y(2,R)-y(R,1)) / (r lRer12neg*(r lR+r12new)) 
1-1.0*(y(1,2)+y(1,1)-y(3,R)-y(3,1))/(r13,r13new,(r13+r13new)) 
1+1.0*(y(1,2)+y(1,1)-y(4,R)-y(4,1))/(r14*r14newe(r14+r14new)))  
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9876 
vz(1,3)--vz(1,1)-2. 5324576.0.5.( 
I+I. O*(z (I, 2) +z(i, 1)-z (4,2)-z (4, i))/(rl4*rl4nee*(rl4+rl4new))) 
vx(2,3)=vx(2,1)-. 001379269.0.5. ( 
11.0.(x(2,2) + x(2,1) -x(l,2-(l,l))/(rl2*rl2new*(rl2+rl2new)) 
I+I. O*(x(2,2) +x(2,1)-x(3,2)-x(3, I))/(r23*r23new* (r23+r23ne.)) 
I-I.0. (x(2,2) +x(2,1) - x(4,2)-x(4,1))/(rO4*r241te11*(r24+r~4ne.))) 
vy(2,3)=O.O 
VZ(2,3)=O.O 
VX(3,3)=O.O 
vy(3,3)=-vy(1,3) 
vzC3,3)=-vz(1.3) 
vx(4,3) =-vx(2,3) 
vy(4,3)=O.O 
vz(4,3)=O.O 
KK=KK+I 
IF (KK.GT.500) GO TO 83 
do 9876 i=1,4 
xx( i )  =abl (xCi, 3 ) -x ( i ,2 ) )  
vxxCi)=abs CvxCi,S)-vx(i,2)) 
CONTINJE 
index=+1 
if (xx(1) 
i~ CxxC2) 
iz (xxCs) 
i¢ (xxC4) 
i:~ 0,-(2) .~.o.oooooool) 
i~ (=(s ) .~.o .ooooooo l )  
i:e (~(4).~.o.oooooool) 
if (vxx(1) .g¢. O. 00000000001) 
i~ (vxx(2) .g¢. o. 000oo0000ol) 
i~ Cvxx(3) 
it CvxxC4) 
if (vTy(1) 
i f  (vyy(2) 
i:~ CvyyC3) 
i:~ CvyyC4) 
i~ CvzzC1) 
i~ CvzzC2) 
i~ (vzzC3) 
if (vzz(4) 
i:~ (index. eq.-1) 
DO 1008 33=I,4 
xCJ3,2)=xCJ3,3) 
Y(J3,2)=Y(33,3) 
z(JJ,2)=z(JJ,s) 
VXCJ3,2)=VXCJ3,3) 
VY(JJ,2)=VY(JJ,3) 
vz(aa,~-)=vz(aa.s) 
.g~.0.00000001) 
.g~.0.00000001) 
.gt.0.00000001) 
.gt.0.0000000l) . .o. o:OOOO°ooOOI] 
.~.0.00000001) 
.gt.0.00000001) 
• g¢ .0.00000001) 
,g~;.o.ooooooooool) 
.g~. o.ooooooooool) 
.gt.o.ooooooooool) 
.~.o.ooooooooool) 
.g~.0.00000000001) 
.gt.0.00000000001) 
.g.~. o. ooooooooool) 
.gt.o.ooooooooool) 
.gt.o.ooooooooool) 
.g¢. 0.00000000001) 
go ¢o 10~ 
il%deX=-I 
index=-1 
index=-1 
indax=-I 
index=-1 
index=-1 
index=-1 
index=-I 
indox=-i 
index=-I 
index=-1 
index=-I 
index=-I 
index=-i 
index=-I 
index=-I 
index=-I 
index=-1 
index=-I 
index=-i 
index=-I 
index=-X 
index=-I 
index=-I 
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1008 CONTINUE 
x(1,2)=0.0 
x(3,2)=0.0 
y(3.2)=-y(l,2) 
z(3,2)=-z(1,2) 
vx(i,2)=0.0 
vx(3,2)=0.0 
vy(3,2)=-vy(l,2) 
vz(3,2)=-v&1,2) 
x(4,2)=-x(2,2) 
y(2,2)=0.0 
y(4,2)=0.0 
2(2,2)=0.0 
z(4,2)=0.0 
vy(4,2)=0.0 
vz(4,2)=0.0 
vy(2,2)=-vy(4,2) 
vz(2,2)=-vz(4,2) 
vx(4,2)=-vx(2,2) 
K=K+ 1 
ISQB if (H~D(Ic,KPRII~T).GT.o) ~0 TO 82 
calculate and print final energy 
v1sq=vz(1,2)**2+vx(1,2)**2tvy(1,2)**2 
v2sq=vz(2,2)**2+vx(2,2)**2tvy(2,2)**2 
v3sq=vz(3,2)**2+vx(3,2)**2tvy(3,2)**2 
v4sq=vz(4,2)**2+vx(4,2)**2tvy(4,2)**2 
energy=4.6542S*(vlsq+v3sq)t8382.*(v2eq+vsq) 
1-23.06689*1.0*(l./rl2nea-l.O/rl3neutl./rl~eu 
l+l./r23nea-l./r24nea+l./r34neu) 
Energy must be multiplied by lO**(-8) 
write 
write 
(41,8111) k,energy 
8111 
(41,8112) r24neu,r24neu,r24nea 
format 
8112 format 
‘t:i”l~2~j 10) 
82 if (K. le. 100000~00) GO TO 66 
WRITE (31,lO) (X(I,2),Y(I,2),z(i,2),vx(I,2),W(I,2),vz(i,2) 
l,i=1,4) 
83 STOP 
EBD 
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